Introduction and results
Let A be a ring. For x, y ∈ A, we denote [x, y] = xy − yx the commutator of x and y. We say that a map f : A → A preserves commutativity if [f (x), f (y)] = 0 whenever [x, y] = 0 for x, y ∈ A. The problem of describing bijective additive (or linear) commutativity preserving maps is initiated by Watkins [41] in the case when A is a matrix algebra. Later, maps preserve the commutativity of symmetric matrices (and operators) were investigated in [17, 23, 35, 36] . On the other hand, the first ring-theoretic result was obtained by Brešar [10] who characterized the bijective commutativity preserving linear maps between centrally closed prime algebras. Recently, similar results obtained for maps between symmetric elements of prime rings with involution were treated in [5, 6, 13, 19] . These results have been now generalized in various directions (see for example [1, 14, 15, 18, [20] [21] [22] 24, 30, 34, [37] [38] [39] [40] ).
In [9] Bell and Daif introduced a certain kind of commutativity preserving map as follows: Let U be a subset of A. A map f : U → A is called strong commutativity preserving (SCP) on U if [f (x), f (y)] = [x, y] for all x, y ∈ U. Further, they proved that A must be commutative if a prime ring A admits a nonzero derivation or a non-identity endomorphism which is SCP on a right ideal of A. Later Brešar and Miers [12] characterized an additive map f : A → A which is SCP on the entire semiprime ring A and showed that f must be of the form f (x) = λx + μ(x), where λ ∈ C, λ 2 = 1 and μ : A → C is an additive map where C is the extended centroid of A. Recently, the authors [33] extended this result to Lie ideals of prime rings. In this paper, we continue to study SCP maps in prime rings with involution. The study of additive maps in rings with involution was initiated by Brešar et al. [11] to describe the centralizing maps on the skew-symmetric elements in prime rings. Later some related generalizations were obtained in [7, 29, 31, 32] . Motivated by these results, Beidar and Martindale [4] investigated the theory of functional identities in prime rings with involution and then simultaneous generalized those previous results. According to [16] , a functional identity can be informally described as an identical relation involving some elements in a ring, together with some maps of the ring. The general goal of the functional identity theory is to determine the maps appearing in the identity, or when this is not possible, to determine the structure of the ring admitting the identity in question. Hence to characterize SCP maps can be viewed as solving a special functional identity. The purpose of this paper is to apply the powerful theory of functional identities to describe the structure of SCP maps of the symmetric elements in prime rings with involution. Our main result is 
As an application of Theorem 1.1 we extend Bell and Daif's result as follows. 
Preliminaries
Throughout this section A is a prime ring with involution * , with center Z(A) and with maximal right ring of quotients Q = Q mr (A). The center C of Q is a field and is called the extended centroid of A (see [8] for details). Moreover, Z(A) ⊆ C. By S, we denote the set of symmetric elements of A, that is, S = {x ∈ A|x * = x} and by K, we denote the set of skew symmetric elements of A, that is, K = {x ∈ A|x * = −x}. By St n we denote the standard identity of degree n. The involution * is said to be of the first kind if α * = α for all α ∈ C and of the second kind otherwise. We include three results of functional identities on symmetric elements which can be obtained directly from [2, 3] . 
Lemma 2.2. Suppose that A does not satisfy St 14 and
Then there exist a ∈ Q and maps ω 1 
The matrix algebra case
Throughout this section, let F be an algebraically closed field of characteristic not 2 and let A = M m (F) be the m × m matrix algebra over F with involution * of the first kind, that is, α * = α for all α ∈ F . It is known that in this case * is either the ordinary transpose or the sympletic involution [8, Corollary 4.6.13] . In this section, we determine all linear maps f :
for all x, y, z ∈ S. 
Next we consider A = M m (F) under sympletic involution. In this case, it is well-known that m = 2k and the involution * is given by
Thus S consists of all matrices of the form Proof. Recall that m = 2k for k 3. 
(3.5) and 
Proof of Theorem 1.1
We begin with a proposition which plays a key role in the proof of Theorem 1.1. 
. Then by Lemma 2.1, there exist maps p, p , q, q : S → Q and ν :
By Lemma 2.3, a = b ∈ C, proving the theorem. Choose a subset {m i } i∈I of S to form a basis of SC over C with m 1 ,
Assume first that * is of the first kind, that is, α * = α for all α ∈ C. In this case, * can be extended from A to AC ⊗ C F ∼ = M m (F) given by (αa ⊗ β) * = αa * ⊗ β for a ∈ A, α ∈ C and β ∈ F . Obviously, SC ⊗ C F is exactly the set of symmetric elements of AC ⊗ C F . Recall that m / = 2, 4. By Lemmas 3.1 and
Using the fact that m 1 / ∈ C, we have γ ∈ C. For any 0 / = x ∈ S, either x and m 1 are C-independent or x and m 2 are C-independent. For short, assume x and m 1 are C-independent. Replacing m 2 by x and proceeding with the same argument as above, we
From m 1 / ∈ C, it follows that γ = γ . Hence we conclude that f (x) − γ x ∈ C for all x ∈ S, proving the theorem.
Assume now that * is of the second kind.
Recall that AC is a simple algebra. So J C = AC and then AC = SC. Hence proving the theorem. Thus we assume A is noncommutative. Further, by assumption we may assume A is not an order in a 4-dimensional central simple algebra. This is equivalent to that A does not satisfy St 4 by Posner's theorem [26, Theorem 1.4.3] . From the Jacobi identity, it follows that
Suppose that * is of the second kind or A is not an order in a 16-dimensional central simple algebra. Then by Proposition 4.1, there exist λ ∈ C and an additive map μ : Now we assume * is of the first kind and A is an order in a 16-dimensional central simple algebra. So dim C AC = 16. Denote by F the algebraic closure of C. Then A = AC ⊗ C F ∼ = M 4 (F). Clearly, * can be extended from A to A given by (αa ⊗ β) * = αa * ⊗ β for a ∈ A, α ∈ C and β ∈ F . Also S = SC ⊗ C F is exactly the set of symmetric elements of A. For m ∈ S, we may choose a subset {m i } i∈I of S to form a basis of SC over C with m ∈ {m i } i∈I . Define a C-linear map g : SC → AC by the rule
(4.1)
Recall that we have 
for all x ∈ S, proving the theorem.
Suppose next that * is of sympletic type. In this case,
We write 
